Newstead and Ramanan conjectured the vanishing of the top 2g − 1 Chern classes of the moduli space of stable, odd degree vector bundles of rank 2 on a Riemann surface of genus g. This was proved by Gieseker [G], while an analogue in rank 3 was settled by Kiem and Li [KL]. We generalise this to the vanishing of the top (g − 1)ℓ rational Chern classes of the moduli space M of stable principal bundles with semi-simple structure group of rank ℓ, whenever M is a compact orbifold.
Introduction
Let G be a complex reductive group and M the moduli space of stable principal G-bundles on a compact Riemann surface of genus g. While M is smooth (in the orbifold sense), it is usually not compact, but is compactified by adding the semi-stable bundles. In important special cases, semi-stable bundles are stable and then M is a compact orbifold. This happens when G = GL(n) for the components of degree co-prime to n, or else if we enrich the bundle with a sufficiently generic parabolic structure at a marked point on the surface. 1 Henceforth, we place ourselves in one of these favourable situations. Let ℓ ss and ℓ c be the semi-simple and central ranks of G. We prove here the following generalisation of an old conjecture of Newstead and Ramanan [N, R] . For rational cohomology, we can pass to finite covers with impunity [AB, §7] and split G as a torus of rank ℓ c and simple groups; so the only content of the theorem concerns ℓ ss . We actually prove an equivalent result in topological K-theory. Let G be semi-simple of rank ℓ.
Theorem 2. The top (g − 1)ℓ rational Grothendieck γ-classes of M vanish.
The Grothendieck γ-classes are the K-theoretic Chern classes; we recall them below, along with the equivalence of Theorems 1 and 2. In some cases, such as for G = GL(n) or SL(n), we known thanks to Atiyah and Bott [AB] that M is free of homology (and therefore K-theory) torsion, and we get an integral result. Experience with equivariant K-theory suggests that K(M ) might be torsion-free whenever π 1 G is so, but this does not seem to be known.
To prove Theorem 2, we pair the total γ-class t k γ k of T * M against any test class in K 0 (M ) and show that we obtain a polynomial of degree no more than dim M − (g − 1)ℓ. The computation is straightforward, but relies on two substantial results. The first is the index formula of [TW] , an explicit Verlinde-like formula for the index (direct image) of "almost any" K-theory class over the stack M of G-bundles. The various parabolic structures on bundles leads to numerous minor variations in the formula; while it takes no effort to write down any of them, a shortcut allows us to restrict attention to the full-flag structures (Corollary 2.5). The second ingredient relates the indexes over M and over the moduli space M of vector bundles twisted by Kähler differentials [T, §7] .
Such a proof by Poincaré duality is not new, cf. Zagier [Z] for SL(2), but the cohomological formulae for integration over M turned out to be unwieldy. One way to understand why our index formula works well is to interpret it as a localisation to the stack of principal bundles under the maximal torus T ⊂ G [TW, §2.17] ; there, the tangent complex to M has a trivial summand of rank as predicted by the vanishing. Still, the method has its limits. Thus, Theorem 2 leads one to ask whether the γ-classes vanish in algebraic K-theory. The absence of an obvious counter-candidate leads one to suspect so, but the current method fails.
The γ-classes
For a complex vector bundle V of rank r over a compact space X, let λ k (V ) ∈ K 0 (X) be its kth exterior power and define the following polynomials of degree r with coefficients in K 0 (X):
The second relation defines the classes
for vector bundles V and W , while γ t (L) = (1 − t) + tL for a line bundle L; by the splitting principle, these conditions determine γ t . Also, γ 1 (L) = L − 1, the K-theory Euler class of the line bundle, and in this sense γ t is the total K-theory Chern class. The next exercise is included for the reader's convenience.
Proposition.
The following assertions about the vector bundle V are equivalent.
When K 0 (X; Q) satisfies Poincaré duality with respect to a map Ind :
Proof. Equivalence of (ii) and (iii) is clear from the inversion formula λ t = (1 + t) r γ t/(1+t) . Observe now that in the ring R of symmetric power series in variables x 1 , . . . , x r , the ideal (e r−d+1 , . . . , e r ) generated by the top d elementary symmetric functions is the intersection of R with the ideal (
] which preserves (x r−d+1 , . . . , x r ). It follows that (e r−d+1 , . . . , e r ) agrees with the ideal of the top d elementary symmetric functions in the y k . We now let x k be the Chern roots of V ; then, ch γ t (E) = (1 + ty k ), so the γ-classes are the elementary symmetric functions in the y's, and we conclude that (i) ⇔ (ii).
K-theory of M and M
Let M be the stack of all algebraic G-bundles over Σ. Its homotopy type is that of the space of continuous maps from Σ to BG. For equivariant K-theory, it is more natural to assign to M an equivariant homotopy type, given by the conjugation action of the maximal compact subgroup G K ⊂ G on the space of based continuous maps from Σ to BG. The last space is a principal fibration, with fibre the space of based loops on G, over a product of copies of G [AB] . By K * (M) we will mean the G K -equivariant K-theory of the space of based maps. Even though M has an underlying algebraic structure, one cannot quite define an "index map" from K * (M) to Z, because M has infinite type. This is most obvious for G = GL(1), when there are infinitely many components. Nonetheless, in [TW] we defined and computed an index map on a sub-ring of K * (M). In this section, we recall the generating classes and the index formula, adapted to include the Kähler differentials of M. We remark that the fine points of the definition of the index need not concern us here, because the stack M is only an intermediate step: what we need is the index over M , where the definition is clear.
For the degree 0 class, we choose a point x, while in degree 2 we will use the fundamental class of Σ; if π is the projection along Σ and K the relative canonical bundle,
(by Bott periodicity). If G is simply connected, one can show by using Chern characters and the completion theorem that the E * C V generate a dense sub-ring of K * (M; Q). The Atiyah-Bott surjectivity argument [AB] also shows that we generate K * (M ; Q) this way, provided that all semi-stable bundles are stable. When our bundles are enhanced with a complete flag at x (see §2.4 below; this is the only parabolic type we will need), we can define E * x V from any representation V of the Borel subgroup of G, and these again generate the rational K-theory of the space of stable bundles. Naturally, for the latter, we only need to consider completely reducible representations V . The co-factor E(h) of Ω • will be a "test class" in K 0 . In the next section, we will check that the index of the formal series t k Ω k ⊗ E(h) over M vanishes to order (g − 1)ℓ at t = −1. Since the index over the space M is quasi-polynomial in h, this behaviour applies to all h, if it does to large h. As our test classes E span K * (M ), we will have proved Theorem 2.
Proof. We use the local cohomology vanishing results [T, §7] along unstable strata of M. Specifically, consider the projection Σ m × M ։ Σ m , with the fibre-wise stratification of M. We apply the vanishing results to the direct image of the bundle
where the V i are the G-representations defining the factors of E. The algebraic isomorphism type of the vector bundles E * V i along the fibres M varies, but their weights along unstable strata do not, and they alone enforce the vanishing. So the direct images along M and M agree. The resulting class in K 0 (Σ m ) can now be integrated along the product of the cycles C i and shows the equality of the indexes of Ω • (h) ⊗ E over M and M .
(2.4) Parabolic structures. For some background on moduli spaces and stacks of bundles with parabolic structures, see [T, §9] . Our main example will be the stack M(B) of bundles with a "full flag" (meaning a coset for the Borel subgroup B ⊂ G) in the fibre over x ∈ Σ. This is a G/B-bundle over M, associated to the universal G-bundle restricted to {x} × M.
Any other stack M ′ of bundles with a parabolic structure at x is the base of a fibre bundle π : M(B) → M ′ . The fibres are homogeneous spaces for a Levi subgroup of the loop group of G. Since Rπ * π * = Id on O-modules, the index of a coherent sheaf over M ′ equals that of its lift to M(B). It suffices therefore, in principle, to understand the index formula over M(B); this will be given in the next section. However, our interest lies mainly with the Kähler differentials, and their effect on the push-forward can be described explicitly.
Over M(B), we have a distinguished triangle of tangent complexes
When M ′ = M, the tangent bundle T π M(B) along the fibres is the evaluation bundle E * x (g/b). Splitting the sequence gives an equality in K-theory,
The fibres of π are smooth and proper, with Hodge type (p, p). Hodge decomposition gives
where the b 2p are the Betti numbers of the fibre. For t = −1, the last factor becomes the Euler characteristic, which is positive and hence and does not affect the vanishing order of the index.
Corollary. If Theorem 2 holds for moduli of bundles with full-flag structures, then it holds for all parabolic structures.

The index formula
We now describe the ingredients of our index formula: a function θ on the maximal torus T ⊂ G and a subset F of points in its domain. Note that the multiple hb of the basic bilinear form b defines a homomorphism e hb : T → T * to the dual torus. Next, the differential dTr V is a regular t * -valued function on T , and so e s·dTr V (.) is a map from T → T * , depending formally on s. Similarly, 1 + te α is a function on T , so (1 + te α ) α is a T * -valued map. Set
(c is the dual Coxeter number of g). The set F of solutions of the equation
depends on h, V and on the formal variables s, t. We denote by F reg the subset of solutions which are regular (as G-conjugacy classes) at s = t = 0. Call H(f ) the differential of χ at f ∈ T ; the notation H stems from its agreement with the Hessian of the function on t
where Li 2 is Euler's dilogarithm. Using the metric (h + c)b to identify the Lie algebra t of T with its dual, we can convert H to a matrix and define
Note that det H = 1 at s = t = 0.
Theorem. For h ≥ 0, we have the index formula
with f ∈ F reg ranging over a complete set of Weyl orbit representatives.
(3.5) Odd generators. Each quadratic form H(f ) also gives a bilinear form .|. f on the dual t * of the Lie algebra. If C 1,2 are two 1-cycles on Σ with intersection product #C 1 C 2 , then an additional quadratic monomial factor E *
W 2 in the coefficients of (3.4) contributes a co-factor of #C 1 C 2 · dTr W 1 (f )|dTr W 2 (f ) f to the f -term in the right-hand sum. This recipe defines a skew contraction procedure on odd-generator monomials, which captures the answer in general: we sum, over all possible complete contractions, the product of the corresponding pairings, and insert the result as a co-factor for each term [TW, Thm. 2.15] .
Proof of the index formula. The series k t k Ω k of complexes of Kähler differentials on M is the total λ t -class of the complex Rπ * (E * g ⊗ K), with the adjoint representation g. The last direct image is E * Σ g ⊕ E * x g ⊕(g−1) in topological K-theory (mind the extra √ K in our bundle). We express λ t in terms of Adams operations ψ k ,
and note the relation
Theorem 3.4 then refers to the index over M of
which has the type studied in [TW, Thm. 2.11 ]. There, we wanted the solutions f to
but this is precisely (3.2). To relate formula (3.4) with the index formula in [TW] , just observe the pre-factor (1 + t) ℓ and the factors 1 + te α in θ −1 come from splitting the character of λ t (g) as (1 + t) ℓ · α (1 + te α ). The enhancement to odd generators is [TW, Theorem 2.15] .
(3.6) Variation: full-flag parabolic structures. The formula the stack M(B) can be derived from Theorem 3.4 and from the Weyl character formula for the index along the fibres G/B of the projection M(B) → M. The outcome is to replace Tr U in the right-hand side of (3.4) by Tr U · α>0 (1 − e α ) −1 , and to sum over all points of F reg instead of Weyl orbits. We must also take care to use the appropriate differentials; the fibres G/B contribute a factor α>0 (1 + te α ).
The limit t → −1
The factor (1+t) (g−1)ℓ already appears in (3.4), so we must check that no singularities in θ(f ) 1−g cancel the vanishing at t = −1. To do so, we must study the roots f t of (3.2). When h > 0 and t = s = 0, χ is an isogeny, so all solutions to (3.2) are simple. The following lemma ensures that they remain simple for all t ∈ (−1, 0] and small s. Proof. With H V (f ) denoting the Hessian of Tr V at f , we have
Note that α ⊗2 is negative semi-definite, t ≤ 0 and ℜ e α 1+te α ≥ −1 for |e α | = 1. As α α ⊗2 = −2cb, H is bounded below by (h − c)b + sH V .
Skew-adjointness of χ for s = 0 then implies that F stays in the compact part T K of the maximal torus for small variations in the real time t, and thus for all times t ∈ [−1, 0]. Non-degeneracy of H also shows that the s-dependence in (3.2) can be solved order-by order, when t ∈ (−1, 0]. This keeps F in a formal neighbourhood of T K . Below, we will find that H remains regular at t = −1, so the solution can be perturbed analytically with s even at that value of t.
Since no solutions escape to ∞, singularities in the θ(f ) −1 can only stem from zeroes in the denominators in (3.3) and singularities in H. It turns out that certain points of F reg do wander into the singular locus of T as t → −1, so we need to control this.
4.3 Lemma. Let f t ∈ F be regular at t = 0 but singular at t = −1. For small x = √ t + 1, f t has a convergent expansion
Thus, the tangent to f t at f −1 is regular in the Lie algebra centraliser z of f −1 . We obtain
for all roots α, however, the cancellation involved conceals multiple solutions on the singular locus in T . The latter partitions T K into alcoves that are simply permuted by the Weyl group. We claim that
• Each singular solution of (4.5) is a limit of at least one solution behaving as in Lemma 4.3.
By Weyl symmetry, there must be such a solution from each adjacent alcove. Now, every regular solution of (4.5) is also the limit of a regular solution of (3.2): this is because it is the limit of some solution, and Weyl symmetry ensures that the points of F that are singular at t = 0 stay so at small times, and then at all times. Finally, recall that the solutions of (4.5) in a closed Weyl alcove are in bijection with the regular solutions of (3.2) in that alcove. Our claim then accounts for the t = −1 limits of all remaining points of F reg and proves Lemma 4.3. To prove the claim, it suffices to find a formal solution f t as in the Lemma. As t converges faster than f t approaches the singular locus, the function χ becomes (4.5) in the limit, so the equation is verified to zeroth order precisely when f −1 solves (4.5). To obtain the constraint on ξ 1 , we differentiate the log of (3.1) in x:
[2x + tα(ξ ′ )]e α 1 + te α (f t ) · α the limit of the last term at x = 0 can be found using (4.4) and leads to the constraint This function is real-valued for s = 0, blows up on the walls of each Weyl chamber of z and is dominated by the quadratic term at large ζ, so a minimum must exist inside the chamber. Further, the Hessian
is positive-definite, so the minimum is non-degenerate and the s-perturbed equation can also be solved for small s. Continuing the solution to higher order in x, we get an recursive family of equations in each degree k > 1
which can be solved by reason of the same non-degeneracy.
